Introduction
In the paper [1] A.Alexlewicz and W.Orlicz have proved the following approximation theorem.
Theorem (Alexiewlcz-Orlicz). Let S be a set dense in [oc, (J] and let s(t) be a measurable function.Ifa ftinction f(t,u) defined for a<t4b, <*<u4(3 Is continuous for fixed t end measurable for fixed u£S and if | f (t ,u) | < a (t), then there exist continuous functions f Q (t,u) suoh that This theorem has been used by Alexlewlcz and Orlicz in the proof of a Caratheodory type theorem' for ordinary and partial differential equations ([1^» [23) » Subsequently I have used this theorem to prove the existence of solutions of differential-Integral equations with a lagging argument and a functional-differential equation of the hyperbolic type ([4] , [5}) . In this paper the approximation theorem of Alexiewicz-Orlicz has been used in the proof of some smooth approximation theorem for funotiona satisfying the Caratheodory condition. This theorem may be applied to the proof of Kneser's Theorem for differential equations which satisfy the Caratheodory con-dition. ID section.3 we give a proof of this theorem for some differential-integral equations with a lagging argument. In £3] N.Kikuchi gave a proof of Knaser's theorem for more general functional-differential equations under the assumption that the equation satisfies the Carathéodory condition.
Let
R denote the real line, R n be an n-dimensional linear vector space with the norm ||x||= max (|x.j | ,..., |xQ |), for x = (x1,...,xQ).'Let P denote the set in R n+1 defined by P = {(t,y): t0<t<T, | y -if ||<a}, where 7 e R n , a > 0. for n>N1(£) and almost every te |_t0,Tj.Let f (t,y) = fn(t,y) for fixed n>K1(e). The function f*(t,y) is continuous and such that f*(t,y)|| < m(t) for (t,y)eP.
Using the smooth approximation method of Lusternik and Stieklow for the continuous function f , we can define for every co>0 oo n a function f : P-"-R satisfying the following conditions on P, 1° ||f W (t,y) -f*(t»y) || -'-0 as co-0 uniformly on P, 2° || f (t,y)|j < m(t) for (t,y)6P, o ^ 3 f (t,y) has continuous partial derivatives of all orders with respect to y^,...,yn.
Let us take now co= 1/n and f°(t,y) = f*(t,y).For £>0 there exists N2(£) such that f*(t,y) -f*(t,y) II < E/2 £ * for n>N2(£) and (t,y)6P. Let us denote f (t,y)=fN^(t,y), where N(g) > max (!!.,(£), NgU)). We have
< max ||f(t,y) -fNfp)(t,y)| + i/2 < t for almost every te|t0,Tj. Hence max f(t,y) -f(t,y) <£ lis-? IK*" for almost every te^tQ,T]. This completes the proof.
Consider now a system of differential equations of the form (2.1)
o for almost every te[t0,Tj, where fs satisfies the Carathéodory condition on P and
On the "basis of theorem 2.1 we can state the following theorem. Theorem 2.2. Let v(t) denote a solution of (2.1) defined on (-», T] . Suppose that the function f: P -R n satisfies the Carathéodory condition. For every £ > 0 there exists a function h(t,y) satisfying the Carathéodory condition on P end such that (d)^max a ||f(t,y) -h(t,y)||<£ for almost every t Q «t«T. P r o o f. In virtue of Theorem 2.1 for every £>0 there exists a continuous function f (t,y) such that 1. ||f £ (t,y)||<m(t) for (t,y)6P 2. max ||f(t,y) -f S (t,y)|| < €/2 for almost every teft .T"I, II9-7II «a" " LO J 3. f £ (t,y) is uniformly Lipschitz continuous with respect to y.
Let us define a function h(t,y) by the formula
for every (t,y)eP and s^O. It is easy to see that h(t,y) satisfies the Caratheodory condition and that the condition ||h(t,y )|| 4 m(t) + £ is satisfied. Moreover, h(t,y) is uniformly Lipschitz continuous with respect to y.
For almost every t Q^t 4T we have n max ||f(t,y) -h(t,y)|k
for almost every te[t Q ,T], we infer that the theorem holds. Let A>0 be chosen in such a way that t Q + A and let B denote the Banach space of continuous and bounded functions y: (-oo f t Q + A J -*" R D with the norm ||y|| B = su^ ||y(t )||. Denote "by K the set of all functions yeB which"satisfy the following conditions 1) y(t) = cp(t) for t^t Q 2) ||y(t) -i?||<a for t Q <t<T.
It is easy to verify that K is a non-empty, closed and convex subset of B. We define on K an operator A by the formula (Ay)(t) = < (p{ t) for
In a similar way as in [4] it is easy to verify that the operation A satisfies the conditions of Schauder's fixed point theorem, provided that the number A satisfies the condition V-J , 1 J Jv m(t) + ||g(t) || j. dt<a-b, where b = || (p(t Q ) -7 || .Then for fixed n=1,2,... there exista at least one solution of (3.1), say y Q (t), defined on (-®°,t Q +A] . It is easy to see that there exists a subsequence -^y^Ci;)j-of 7 n ("t) which is uniformly convergent on (-°°.t 0 +/i\] to the solution of (2.1). Lemma 3.2. Let the assumptions of Lemma 3.1 hold and let f(t,y,A) be a function that satisfies for every ^é(ou.|J} the Carathlodory condition on P and is uniformly Lipschitz continuous with respect to y. Suppose that there exists aLebesque integrable function K(t) such that f(t,y,a 2 ) -fCt.y.^^l <K(t) Pg-^l for t^t oo y-'(t) = f f n (t,y(t-s))d B r(t,a)+g(t) for almost every o te [WA] where n=1,2,... . Suppose that there exists a letesgue integrable funot ion M(t) such that || f Q (t ,y) || < M(t) for n = = 1,2,... and (t,y)£P. Then there is a subsequence (y^t)} of the sequence •[7 n (' t )} which is uniformly convergent on the interval (-oo,t Q +A]. For every suoh subsequence the limit y 0 (t) = limy b (t) is a solution of (4 0 ly^t^-y^t^l^lJjvMít) + ||g(t)||} dt|, we infer thet the functions y n (t) are equioontinuous and uniformly bounded. Hence, by Arzela's theorem, there exists a subsequence '{y^} of. the sequence |y n | converging uniformly on the interval (-°°,t 0 +A] to y Q (t). It remains to show that y Q (t) is a solutions of (4 0 
is a Lebesgue integrable function on [t 0 , T]. Let f: P-E a , where P = |t Q 4 t < T; fy-T?f<a}., satisfy the Carathéodory condition on P. Finally, let S c be a subset of R n defined by S o = |y(c) t y(t)eS} , where 2 denote the set of all solutions of (2.1); c€ (t 0 ,t Q +A),
Note that || h(t,y,^) ||<m(t)+£ implies that ||y(t, a)-7 ||«a+£VA for t 0^t^t0 +A. Lemma 3.2 Implies that y(t,A) -y(t, A 0 ) as A A Q uniformly on (-<*>,t Q +A]. In particular, y(c,^) and consequently e(y(c,A)) , is continuous with respect to A. Since • 7(o t 0/) = y 2 (c)€ S 2 , y(c, 1 ) = y 1 (c) e S 1 , so that e(y(G»0))<0« e(y(o»1))>0t there exists a value of "X = 8, 0 <9<1 such that e(y(c,0))=O. If y^t), y 2 (t) are fixed, the ohoice of 9 depends only on say 9 =0(£). Let £ =1/n, n>1 and let h Q (t,y) = h(t,y,A) where A= 0(l/n). We have ||f(t,y) -h Q (t,y 1/n for almost every t 0 <t<t 0 + A and, toy the choice of ^ = 8(1/n) the system for almost every t 0< t<t 0+ A has a unique solution y = y t,0(1/n) =y (n^( t) on (-<»,t 0 +A] such that e(y in^( c)) =0 for n>1. Since ||h n (t,y )||<m(t)+ + 1/n<m(t) + 1 for n>1, the sequence -[y^(t)} has a subsequence {y^t)} which is uniformly convergent to y 0 (t) for t<t Q +A. Furthermore, || y fc (t) -i? ||^a + 1/nVA and e(y k (c))=0 for k=1,2,... , The function y 0 (t) satisfies the equation 'y(t) = (f( t) for t<t Q < oo y' (t) =Jf(t,y(t-s))d s r(t,s)+g(t) o and ||y 0 (t) t 0 <t<t G +A. Hence y Q (t)eS. Also e y 0 (c) =Um e y fc (c) =0. But then y Q (c)eS c and e(y 0 (c))= 0. This contradiction proves the theorem.
y(t) = y(t) for t«t Q OO y(t) =j h n (t,y(t-s))d s r(t,s) +g(t) for almost every t < t<t Q + A
